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ABSTRACT
Amongst the many hundreds of transiting planet candidates discovered by
the Kepler mission, one finds a large number of candidates with sizes between
that of the Earth and Neptune. The composition of these worlds is not imme-
diately obvious with no Solar system analogue to draw upon and there exists
some ambiguity as to whether a given candidate is a rocky super-Earth or a
gas-enveloped mini-Neptune. The potential scientific value and observability of
the atmospheres of these two classes of worlds varies significantly and given the
sheer number of candidates in this size-range, there is evidently a need for a
quick, simple metric to rank whether the planets have an extended atmosphere
or not. In this work, we propose a way to calculate the “minimum atmospheric
height” (RMAH) using only a planet’s radius and mass as inputs. We assume
and exploit the boundary condition that the bulk composition of a solid/liquid
super-Earth cannot be composed of a material lighter than that of water. Mass-
radius loci above a pure-water composition planet correspond to RMAH > 0.
The statistical confidence of a planet maintaining an extended atmosphere can
be therefore easily calculated to provide a simple ranking of target planets for
follow-up observations. We also discuss how this metric can be useful in the
interpretation of the spectra of observed planetary atmospheres.
Key words: methods: analytical — methods: statistical — techniques: photo-
metric — techniques: radial velocity — planetary systems
1 INTRODUCTION
In recent years, the characterization of exoplanetary at-
mospheres has become of both increasing interest and
feasibility thanks to the large number of confirmed exo-
planets and a burgeoning number of instruments capable
of measuring the associated effects (Tinetti & Beaulieu
2009; Seager & Deming 2010). Transit spectroscopy and
emission spectroscopy have emerged as the most widely
used techniques to this end, with observers constraining
the chemical composition of the atmospheres of several
worlds to date (e.g. Charbonneau et al. 2002; Tinetti et
al. 2007; Bean et al. 2011; Sing et al. 2012). The very
? Code available at http://goo.gl/aZD9a
† E-mail: dkipping@cfa.harvard.edu
large number of exoplanets, more than 850 at the time
of writing (www.exoplanet.eu; Schneider et al. 2011), and
the resource-intensive nature of the required observa-
tions to measure exoplanetary atmospheres (e.g. Agol
et al. 2010; Fraine et al. 2013) mean that observers are
forced to select only the most promising exoplanets for
further study. This selection is typically based on the
simple premise of focusing on those exoplanets where one
should expect to detect the largest signal-to-noise ratio,
e.g., bright target stars and large-radius planets.
Increasingly, the study of small exoplanets (RP .
3R⊕) is becoming feasible, thanks to the discovery of
transiting planets around small M-dwarf stars (Charbon-
neau et al. 2009) and the use of improved instrumenta-
tion (Berta et al. 2012). The study of the atmospheres
of such small exoplanets will likely become increasingly
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prevalent as observers seek to push down to more telluric-
like planets combined with the windfall of low-radius
planets detected by Kepler (Batalha et al. 2013; Fressin
et al. 2013; Dong & Zhu 2012). Careful target selection
for atmospheric characterization of these small exoplan-
ets will therefore become crucial for future planned mis-
sions e.g. EChO (Tinetti et al. 2012).
One challenge with studying exoplanets with radii
RP ' 1.5-3R⊕ is that such worlds straddle the bound-
ary between rocky, terrestrial worlds (“super-Earths”)
and small gaseous planets (“mini-Neptunes”). Naturally
this classification has a significant impact on the prior
probability of a detectable atmosphere and the interpre-
tation of a spectrum. In traditional core accretion the-
ory, runaway gas accretion is predicted for planetary em-
bryos exceeding ∼ 10M⊕ (Pollack et al. 1996) leading to
large hydrogen/helium-dominated atmospheres. Assum-
ing a rocky/icy core, the ∼ 10M⊕ transition corresponds
to∼ 2R⊕ (Valencia et al. 2006). For this reason, Kepler ’s
recent discovery (Batalha et al. 2013) of a large popula-
tion of small exoplanets with radii close to this transition
(RP ' 1.5-3R⊕), along with the apparently smooth dis-
tribution across this regime, was not generally expected.
In any case, an inescapable conclusion is that distin-
guishing whether a specific exoplanet is a mini-Neptune
or a rocky super-Earth is not possible with a radius mea-
surement alone. Consequently, a catalogue of exoplane-
tary radii is insufficient for selecting targets for follow-up
atmospheric characterization in the regime of RP ' 1.5-
3R⊕.
Another challenge is that it has become evident
that many degeneracies exist in the process of spectral
retrieval (Benneke & Seager 2012), particularly salient
when the spectrum is relatively flat as in the case of
GJ 1214b for example (Bean et al. 2011; Berta et al.
2012). Here, a flat spectrum can be considered consis-
tent with either a low mean molecular weight atmosphere
with clouds or a high mean molecular weight atmosphere
yielding a low scale height. This invites the inclusion of
additional priors to constrain the various models.
Despite the described pains of interpreting super-
Earths/mini-Neptunes, there does exist at least one ma-
jor advantage. Specifically, a considerable range of the
expected internal pressures of such worlds are achiev-
able in the laboratory (unlike Jovian worlds), meaning
that the phase diagrams of the constituent molecules in
the planet’s core can be empirically calibrated. Accessing
these pressures (up to 100 GPa) has only recently been
achievable and was utilized in the recent revised mass-
radius relationship presented by Zeng & Sasselov (2013).
Such mass-radius relationships impose at least two hard
boundary conditions: i) a maximum MP -RP contour for
a pure-iron planet and ii) a minimum MP -RP contour
for a pure-water planet. In principle, it is not expected
to find an object with a mass exceeding that of boundary
condition i), except for exotic states of matter found in
the core of stars/stellar remnants. In contrast, it is possi-
ble to find an object with a mass below that of boundary
condition ii) but such an object must maintain an atmo-
sphere1. Several effects such as intense irradiation and
dissolved gas may affect the robustness of boundary con-
dition ii) and we will address these later in §4.
Here, we show how this low-density boundary condi-
tion set by the mass-radius relationship of super-Earths
provides a simple way to infer the minimum atmospheric
height (MAH) for an exoplanet by using just a precise
measurement of the planet’s mass (MP ) and radius (RP ).
This determination serves to both identify promising tar-
gets for follow-up atmospheric characterization as well
as identifying implausible solutions derived from blind
spectral retrieval. In §2, we outline a simple, quantitative
method to infer the confidence of a small planet having
an atmosphere and the minimum atmospheric height. In
§3, we apply the technique to several examples including
GJ 1214b. In §4, we discuss the potential applications
and limitations of our method.
2 A STATISTICAL METHOD TO INFER
THE MINIMUM ATMOSPHERIC
HEIGHT (MAH)
2.1 Method
The simple premise of our method is that any small
planet found to have a mass and radius locating it be-
yond the boundary condition of a pure-water planet
must maintain an atmosphere. More specifically, if we
find RP > RP,H20(MP ) then the minimum atmospheric
height (MAH) is given by:
RMAH(RP ,MP ) = RP −RP,H20(MP ). (1)
In this expression, MP and RP are the observed
planetary mass and radius and the latter should be be
interpreted as the radius of the solid/liquid core of the
planet plus any opaque atmosphere. The RP,H20 term
denotes the theoretical radius of the planet composed
purely from non-gaseous H2O (given an observed mass
MP ) and thus extends from the centre of the planet to
the solid/liquid surface.
An important caveat is that if a planet does not vi-
olate this boundary condition, our method says nothing
about whether the planet does or does not have an at-
mosphere2.
A typical analysis of a recently discovered super-
Earth/mini-Neptune includes a mass-radius plot show-
ing the various contours for different potential composi-
tions and a cross marking the position of the new found
planet. Usually, the width and height of the cross denote
1 One could of course imagine pathological compositions such
as pure lead that would violate boundary condition i) or pure
CO2, which might violate boundary condition ii), but such
counterexamples seem implausible.
2 An example of such a case could be the unlikely scenario
(see e.g. Rogers & Seager 2010) of a dry rocky core surrounded
by a thick hydrogen/helium envelope (no water) but with
RP < RMAH
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the 68.3% quantile confidence range of the planet’s mass
and radius, respectively. Consider that a planet resides
slightly above the mass-radius contour of a 100% wa-
ter planet. Using just the MP - and RP -axis error bars,
one cannot reasonably estimate the confidence level of a
planet being significantly above this contour, and thus
maintaining an atmosphere. This is because the poste-
rior joint probability distribution may be (and often is)
non-Gaussian, correlated and/or multi-modal.
We propose calculating the term RMAH using real-
izations of MP -RP drawn from the posterior joint prob-
ability distribution of the system parameters3. In doing
so, we sample the possible parameters consistent with
the data in a statistically appropriate way and collapse
the two-dimensional array into a one-dimensional vector
describing the quantity of interest.
2.2 Calculating RP,H20(MP )
In this work, we estimate RP,H20(MP ) by interpolating
the tables of Zeng & Sasselov (2013). Fig. 1 shows the
100%-H20 mass-radius relation in solid blue. Realizations
above this curve correspond to a positive RMAH. We
calculate our interpolation by first selecting all MP -RP
entries in the Zeng & Sasselov (2013) catalogue corre-
sponding to a 100%-H20 composition. Plotting RP as
a function of logeMP (as shown in Fig. 1) reveals a
smooth behaviour which may be fitted using a polyno-
mial. We find that a seventh-order polynomial describes
all of the features well and this function is supported
over the range of masses provided in the Zeng & Sasselov
(2013) catalogue for the 100%-H20 composition; specifi-
cally 4.86 × 10−4M⊕ < MP < 4.86M⊕. The functional
form of our interpolation is given by
(RP,H20/R⊕) =
7∑
n=0
an[loge(MP /M⊕)]
n, (2)
where the an coefficients are provided in Table 1,
derived using a simple least squares regression.
Although the 100%-H20 contour is a valid boundary
condition, one can consider it to be somewhat overly con-
servative. A commonly assumed maximum initial water
content is 75% (e.g. Mordasini et al. 2009) and Marcus et
al. (2010) have shown that giant impacts cannot increase
the water fraction. A more realistic boundary condition,
then, is to use 75%-H20-25%-MgSiO3. We again find a
seventh-order polynomial in logeMP well describes the
corresponding model from Zeng & Sasselov (2013), as
shown in Fig. 1 (see Table 1 for the corresponding coeffi-
cients and Table 2 for the supported range of this model).
3 Note then that our approach therefore has no a-priori pref-
erence for a particular composition.
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Figure 1. Mass-radius diagram showing the range of plausi-
ble phases for an atmosphere-less super-Earth (i.e. the bound-
ary conditions), as derived from the model of Zeng & Sasselov
(2013). Points taken from the model are shown as circles,
along with our interpolation line shown overlaid. Blue is that
of a 100%-H20 planet, blue-dashed is 75%-H20-25%-MgSiO3,
brown is 100%-Fe and brown-dashed is 75%-Fe-25%-MgSiO3.
2.3 Confidence of RMAH > 0
Using Equation 1, one may compute the posterior distri-
bution of RP,H20 and then RMAH. From this latter dis-
tribution, one may easily compute the confidence of the
planet in question maintaining an atmosphere, under the
model assumptions. This is done by evaluating the num-
ber of realizations which yield RMAH > 0:
P(RMAH > 0) =
# realizations where RMAH > 0
# realizations total
. (3)
3 EXAMPLES
3.1 GJ 1214b
As a pedagogical example, we consider here perhaps
the most well-characterized small exoplanet to date,
GJ 1214b. Originally discovered by Charbonneau et al.
(2009), this 2.8R⊕ planet orbits a nearby M4.5 dwarf
and consequently there exists a considerable literature
of observations for this system, spanning transits, high
resolution stellar spectra, radial velocities and paral-
laxes (Anglada-Escude´ et al. 2013). The planet has also
been studied extensively using transit spectroscopy in
the quest to identify molecular absorption features (e.g.
Bean et al. 2011; De´sert et al. 2011; Berta et al. 2012).
c© 2013 RAS, MNRAS 000, 1–7
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Table 1. Polynomial coefficients derived for the interpolation functions of the super-Earth mass-radius boundary conditions.
Each column denotes a different composition, where we describe (RP /R⊕) =
∑7
n=0 an[loge(MP /M⊕)]
n.
Parameter 100%-H20 75%-H20-25%-MgSiO3 75%-Fe-25%-MgSiO3 100%-Fe
a0 +1.409× 10+0 +1.346× 10+0 +8.633× 10−1 +7.714× 10−1
a1 +3.942× 10−1 +3.797× 10−1 +2.522× 10−1 +2.180× 10−1
a2 +5.015× 10−2 +4.669× 10−2 +3.040× 10−2 +2.485× 10−2
a3 +2.513× 10−3 +1.992× 10−3 +9.476× 10−4 +6.916× 10−4
a4 −4.557× 10−4 −3.469× 10−4 −2.628× 10−4 −2.037× 10−4
a5 −9.717× 10−5 −7.638× 10−5 −4.463× 10−5 −3.366× 10−5
a6 −3.900× 10−6 −6.315× 10−6 −3.001× 10−6 −2.271× 10−6
a7 +1.777× 10−7 −1.981× 10−7 −7.668× 10−8 −5.882× 10−8
Table 2. Supported range of our interpolation model, based on the extrema of the models computed by Zeng & Sasselov (2013).
Parameter 100%-H20 75%-H20-25%-MgSiO3 75%-Fe-25%-MgSiO3 100%-Fe
MP,min [M⊕] 4.854× 10−4 6.197× 10−5 6.454× 10−6 6.144× 10−6
MP,max [M⊕] 4.864× 10+2 3.393× 10+2 1.397× 10+2 1.321× 10+2
Although the system continues to be intensively ob-
served and thus the physical parameters of this system
are likely to be refined in the near future, we provide
here an applied example of the minimum atmospheric
heigh (MAH) calculation to the planet GJ 1214b. The
most recent and comprehensive attempt to derive self-
consistent parameters for the planet and host star comes
from Anglada-Escude´ et al. (2013), who combined an
updated trigonometric parallax, medium infrared spec-
troscopy, re-analysed HARPS radial velocities, the pho-
tometric catalogue and a suite of transit measurements
in their analysis.
After obtaining the posterior joint probability distri-
bution of the system parameters (personal communica-
tion), we computed RMAH using Equation 1 for a sample
of 105 realizations drawn from the ensemble. For comput-
ing RP,H20(MP ), we assumed the boundary condition as-
sociated with a 75%-H20-25%-MgSiO3 composition from
Zeng & Sasselov (2013). Table 3 provides the results of
our analysis.
We find that 97.2% (2.2σ) of realizations yield an
MP -RP location inconsistent with a super-Earth planet
lacking an atmosphere, as shown in Fig. 2 and 3. We
note that using a 100%-H20 composition boundary con-
dition slightly reduces this to 94.6%. The minimum at-
mospheric height (MAH) of GJ 1214b is found to be
RMAH = 0.54
+0.21
−0.24R⊕ (quoting the median and ±34.1%
quantiles), which translates to 19.7+6.1−7.9% of the total
planetary radius.
Rogers & Seager (2010) pointed out that the re-
ported mass and radius (together with the quoted un-
certainties) of GJ 1214b from Charbonneau et al. (2009)
suggest that the object almost surely has a gas atmo-
sphere layer. Here, we have quantified the credibility of
this inference by using the full joint posterior probability
density function for mass and radius. GJ 1214b has an
equilibrium temperature in the vicinity of ∼400—550 K,
depending on its Bond albedo. If the atmosphere is con-
vective and nearly adiabatic from roughly the transit ra-
dius to the base of the gas envelope (at R ≈ 2.25R⊕),
then the adiabatic compression results in an extremely
hot envelope base if the atmosphere is significantly heav-
ier than an H/He composition. The observed featureless
transit spectrum (Bean et al. 2010; Bean et al. 2011;
Berta et al. 2012 — although note that Croll et al. 2011
found that the transit spectrum was not featureless) sug-
gests either a high mean molecular weight atmosphere
or, if the composition is H/He, a high cloud layer mask-
ing the features that would otherwise be seen due to the
large scale height (Miller-Ricci et al. 2009). Our anal-
ysis cautions against drawing any definitive conclusions
about chemical composition from a featureless spectrum
for this planet, given the current joint posterior for mass
and radius. The best-fitting mass and radius values do
suggest (if the spectrum is featureless) that either clouds
in an H/He atmosphere or a small scale height due to
heavy composition (e.g., H2O) prevent observable vari-
ations with wavelength in the transit radius; but, as is
clear in Fig. 2, solutions requiring arbitrarily little at-
mosphere remain consistent with the radial velocity and
transit data, if the bulk composition is fairly light (pure
water or water+silicate).
3.2 Other examples
We briefly comment that Neptune and Uranus both yield
a positive RMAH, which is consistent with the estimate
core-sizes of these worlds (see Table 3).
We also demonstrate the MAH calculation on four
other exoplanet examples. KOI-142b is a planet detected
by the transit technique and confirmed through transit
timing variations (TTV) (Nesvorny et al. 2013) and is
somewhat larger than that what might be typically as-
sociated with a “small” exoplanet. It is perhaps not sur-
prising then that we find that the planet unambiguously
has an atmosphere (posteriors obtained through personal
communication).
Similarly, the planet Kepler-36c (Carter et al. 2012)
c© 2013 RAS, MNRAS 000, 1–7
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Figure 2. Zoomed-in version of Fig. 1 with the joint pos-
terior distribution of GJ 1214b from Anglada-Escude´ et al.
(2013) shown overlaid. The three contours correspond to one,
two and three-sigma confidence intervals. 97.2% (2.2 σ) of the
points lie above the dashed blue line and thus are inconsistent
with an atmosphere-less super-Earth.
has a radius close to that of Neptune but a lower mass
and we find that every single posterior sample supports
an extended atmosphere using RMAH. However, the other
planet in the system, Kepler-36b, is significantly smaller
at ∼ 1.5R⊕ with a mass of ∼ 4.5M⊕. In sharp con-
trast to Kepler-36c, we find every single posterior sample
yields a negative RMAH. This planet is therefore an ex-
ample of where the minimum atmospheric height method
says nothing about whether this world does or does not
have an atmosphere, as discussed earlier in §2.1.
Finally, we consider Kepler-22b which was detected
by Borucki et al. (2012) and is similar in radius to
GJ 1214b but lies in the habitable-zone of the host
star. Determining whether the planet has a gaseous en-
velope or not is therefore particularly important due to
the potential for habitability. The current radial veloc-
ity measurements for this system only place an upper
limit on the planetary mass, limiting our ability to mea-
sure RMAH. Using posteriors from the recent re-analysis
of Kipping et al. (2013), which includes more transit
data, we find that planet straddles the boundary con-
dition evenly and is consistent with either a water-world
or water-world with a gas envelope.
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Figure 3. Marginalized posterior distribution of the mini-
mum atmospheric height (RMAH) normalized by the plan-
etary radius for GJ 1214b. Using the joint posteriors of
Anglada-Escude´ et al. (2013), the interior structure mod-
els of Zeng & Sasselov (2013) and Equation 1, we find
(RMAH/RP ) = 0.197
+0.061
−0.079 and a 97.2% confidence that the
planet maintains an extended atmosphere.
4 DISCUSSION
In this short paper, we have presented a simple, quanti-
tative method to infer the minimum atmospheric height
of an atmosphere (MAH) for an exoplanet using just a
precise (and accurate) mass and radius measurement. In
cases where the the RMAH > 0 with high confidence, one
infers the presence of an exoplanet atmosphere without
ever taking a spectrum of the planet.
We envision that this metric will aid in the in-
terpretation of exoplanet transit spectra by providing
an additional boundary condition. For a given interior
mass and radius (M intP and R
int
P ), and a given total
mass and (transit) radius (MP and RP ), there are var-
ious possible atmospheric compositions. Imposing the
constraint that the atmosphere should not be denser
than the interior implies that some possible chemical
compositions of the atmosphere are disallowed. Loosely
speaking, one can think of a maximum mean molecular
weight µmax for each possible “boundary condition” vec-
tor B = (M intP , R
int
P ,MP , RP , Teq), where Teq is the at-
mospheric temperature at the transit radius4. However,
determining µmax[B] would require a specific equation
of state for each possible composition. In principle, the
4 In actuality, the atmospheric structure depends not just on
the mean molecular weight but also on the specific chemical
composition.
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Table 3. Example calculations of the minimum atmospheric height (MAH) for several planets. For Solar System planets we
quote the equatorial radius and assume sphericity, as is done for exoplanets.
Planet MP [M⊕] RP [R⊕] ρP [g cm−3] RMAH [R⊕] (RMAH/RP ) P(RMAH > 0) [%]
GJ-1214b 6.19+0.80−0.80 2.75
+0.18
−0.24 1.66
+0.56
−0.38 +0.54
+0.21
−0.24 +0.197
+0.061
−0.079 97.2
KOI-142b 6.6+5.9−6.1 4.23
+0.30
−0.39 0.48
+0.54
−0.45 +2.07
+1.00
−0.65 +0.47
+0.26
−0.12 > 99.9
Kepler-22b 6.9+20.9−6.2 2.396
+0.088
−0.181 2.4
+7.5
−2.2 +0.11
+1.04
−0.87 +0.05
+0.44
−0.37 54.5
Kepler-36b 4.46+0.34−0.27 1.487
+0.034
−0.035 7.47
+0.72
−0.59 −0.537+0.042−0.047 −0.362+0.034−0.038 < 0.01
Kepler-36c 8.09+0.60−0.45 3.682
+0.052
−0.056 0.891
+0.065
−0.045 +1.327
+0.049
−0.053 +0.361
+0.009
−0.012 > 99.99
Neptune 17.147 3.883 1.64 +1.08 +0.277 -
Uranus 14.536 4.007 1.27 +2.71 +0.325 -
Earth 1.000 1.000 5.52 -0.35 -0.350 -
information in Fig. 2, for the example of GJ 1214b, is suf-
ficient to allow for a calculation of µmax, but this exercise
is beyond the scope of this paper. But it seems clear that,
as has been appreciated previously for GJ 1214b, light
(H/He) and moderately heavy (e.g., H2O) atmospheres
are consistent with the data but, since the atmosphere
appears to be ∼20% the radius of the planet, composi-
tions much heavier than H2O are disfavoured.
The simplicity and observationally “cheap” nature
of determining RMAH makes the metric attractive for
general use within the exoplanet community. However,
we do caution here that there are several limitations to
appreciate when interpreting the minimum atmospheric
height. Most importantly, the determination is funda-
mentally a model-dependent one, where in this work we
used the models of Zeng & Sasselov (2013). Their model
results rely on the most recent equations of states and
experimental or theoretically determined properties of
the bulk planetary materials. These will undoubtedly im-
prove in the future and some dramatic surprises cannot
be excluded, though appear unlikely. However, as far as
our proposed method is concerned, it is trivial to re-
place this model with whatever mass-radius relation one
prefers.
Considering the mass range of super-Earths, the
boundary condition of a minimum contour of a pure-
water planet, might still undergo significant correction
in the planet models. Apart from the trivial uncertainty
due to not knowing what is the maximum allowable wa-
ter fraction (from formation and evolution), there is little
understanding of the amount of mixing that could occur
between a water and a H/He envelope (e.g. Nettelmann
et al. 2011). It is likely that this occurs at a particular
narrow range of pressures, and hence will be dependent
on planetary mass, introducing additional structure in
the mass-radius diagram.
Aside from aiding in the interpretation of exoplan-
etary spectra, our metric provides a quick and cost-
effective method to assist in the selection and planning
of follow-up atmospheric characterization for exoplanets.
This is particularly important in light of the burgeon-
ing catalogue of exoplanets and the upcoming planned
missions for exoplanet characterization such as EChO
(Tinetti et al. 2012). It should be trivial for observers to
calculate RMAH from their parameter posteriors (using
Equation 1, Equation 2 and coefficients from Table 1)
and thus provide a statistically meaningful statement re-
garding the presence of an extended atmosphere, which
will surely aid in the selection and planning of follow-up
observations.
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